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Abstract. Aulbach et al." <20l3) introduced some mathemat cal framework 



for extreme value theory in the space of continuous functions on compact 
intervals. Continuous max-stable processes on [0, 1] were characterized by 
their functional distribution function, which can be represented via a norm on 
function space, called D-norm. 

The high conformity of this setup with the multivariate case led to the 
introduction of a functional max-domain of attraction approach for stochastic 
processes, whic h is more general than the one based on weak convergence 



investigated by Ide Haan and Linl 1 2001 ) . In this paper we will characterize 



this max-domain of attraction condition for stochastic processes in C[0, 1] via 
uniform ordinary weak convergence of the one dimensional margins, together 
with max-domain of attraction of the pertaining copula processes. 

Furthermore we introduce certain ^-neighborhoods of generalized Pareto 
processes, which can be characterized by their rate of convergence towards a 
max-stable process. This is in complete accordance with the multivariate case. 

Finally, it turns out that a max-stable process with standard negative ex- 
ponential margins can be characterized by its maximum value relative to a 
given threshold function, yielding another negative exponential distribution. 
Based on this observation, we present tests for max-stable and for generalized 
Pareto processes. 



1. Introduction 

A stochastic process £ = (£t)te[o,il on the interval [0,1], which realizes in the 
space C[0, 1] of continuous functions on [0, 1], is called max-stable (MSP), if there 
are norming functions a„ > 0, b„ G C[0, 1], such that the distribution of the process 
maxi<i<„(£W —b n )/a n coincides with that of £ for each n £ N. By ^\ . . . 
we denote independent copies of 
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Aulbach et al. (|2012f ) established a characterization of the distribution of an MSP 
via a norm on E[0, 1], the space of bounded functions on [0, 1] which have finitely 
many discontinuities. This norm is called D-norm and it is defined by means of a 
so-called generator process. 

An MSP rj G C[0, 1] with standard negative exponential margins P(rjt < x) = 
exp(x), x < 0, will be called a standard max-stable process (SMSP). As the distribu- 
tion of a stochastic process on [0, 1] is determined by its finite dimensional marginal 
distributions, a process tj G C[0, 1] with identical marginal df F(x) = cxp(a;), x < 0, 
is standard max-stable if and only if 



P\V< 



P{fl<f), /G£7-[0,1],tiGN, 



where E [0,1] denotes th e subset of tho s e fun ctions in £7[0, 1], which attain only 



Aulbach et al 



non positive values. From 

(1) P(T7</)=CX P (-| 



(120121 ) we know that in this case 

D ), /er[o,i], 



where \\-\\ D is a norm on£[0,l], called D-norm. Precisely, there exists a stochastic 
process Z = [Zt)te[o,i] e C[0, 1] with 

0<Z t <m, E(Z t ) = l, te[0,l], 

for some number m > 1, such that 



\f\\ D =E[ sup (\f(t)\Z t )\, f£E[0,l}. 
Vte[o,i] J 



The condition Z t < m, t G [0, 1], can be weakened t o E( swp tc ^ n ^ Ztj < 00 



Based on this characterization, 



Aulbach et al 



(|2012l ) introduced a functional 



domain of attraction approach for stochastic processe s, which is more g e neral than 
the one based on weak convergence as investigated in Ide Haan and Linl (|200ll ) . 

In this paper we will characterize in Section [2] max-domain of attraction for 
stochastic processes in C[0, 1] via uniform ordinary weak convergence of the onedi- 
mensional margins, together with max-domain of attraction of the pertaining cop- 
ula processes. This is in accorda nce with the character ization in the usual weak- 
convergence approach as given in 



Buishand et al 



(2008, Proposition 2.1) 



Buishand et al. (2008) suggested the definition of generalized Pareto processes 
(GPP), which extends the multivariate a pproach to function spaces. T his particular 
appr oach was investigated and settled in Ferreira and de Haan J 2012 ) and Aulbach 



et al. (|2012f ). In this paper we will introduce in Section [3] certain ^-neighborhoods of 
GPP, which can be characterized by their rate of convergence towards a max-stable 
process. This is in complete accordance with the multivariate case. 
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The representation of the distribution of an SMSP in terms of a D-norm \\-\\ D 
immediately entails that its maximum exceedance above an arbitrary function / G 
E~ [0, 1] is negative exponential distributed with parameter H/H^. This observation, 
which is in fact a characterization of an SMSP, suggests to test for a SMSP via 
ordinary t-tests. This will be done in Section |H 

To improve the readability of this paper we use bold face such as £, X for 
stochastic processes and default font /, a n etc. for non stochastic functions. Op- 
erations on functions such as £ < / or (£ — b n )/a n are meant pointwisc. The usual 
abbreviations df, fidis, iid, a.s. and rv for the terms distribution function, finite di- 
mensional distributions, independent and identically distributed, almost surely and 
random variable, respectively, are used. 

2. A Characterization of Max-Domain of Attraction 

Let X = (-Xt)tg[o,i] G C[0, 1] be a stochastic process with continuous marginal 
df F t (x) = P(X t < x), x G K, t G [0, 1], and let £ = (&)te[o,i] G C[0, 1] be an MSP 
with marginal df Gt, t G [0, 1]. Suppose that there exist norming functions a n > 0, 
b n G C[0, 1], n G N, such that 

(2) sup \n(F t (a n {t)x + b n {t)) - l) - log (G t (x)) \ 

te[o,i] 

for each x G R with GAx) > 0. t G 10. 11. This is condition (3. 11) in de Haan and 



Lin (|200ll ). Using Taylor expansion log(l + e) = e + 0(e 2 ) as e — > 0, condition @ 



implies in particular weak convergence of the univariate margins, i.e., 

F t (a n (t)x + b n (t)) n -►„_>„, G t (x), x G R, t G [0, 1]. 

Put U := (ft)te[o,i] : — (-P*(^t))te[o,i]' which is the copula process corresponding 
to X. Let [/«, U<- 2 \ . . . be independent copies of U, and let X«, X^ , ... be 
independent copies of X. The following theorem is the main result of this section. 

Theorem 2.1. We have under condition 

(3) pf max Xil) - bn < f) P(€ < /), / G £[0, 1], 
if and only if 

(4) P (n m^(c/ (i) - l) < ff) -+n^ao P(r? < <?), .9 e ET [0, 1], 

where for the implication ([3]) => ([4]) we set r\ t '■= log(Gt(^t)), t G [0, 1], and for 
the reverse conclusion £t := G^ 1 (exp(r}t)) , t G [0,1]. In both cases the processes 
£ := (£t)*e[o,i] a^rf »7 := (?7t)te[o,i] £ C[0, 1] are max-stable, rj being an SMSP. 
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By Lemma 1 in 



Aulbach et al 



proof of Theorem 9.4.1 in 



( 2012) or the ele mentary arguments as in the 



de Haan and Ferreiral (|2006l ). one obtains that P(Gt{£t) 



for some t € [0, 1]) = 0, i.e., the processes r] and £ are well defined. 

Proof. As X has continuous sample paths, we have continuity of the function 
[0, 1] 3 t M> Gt(x) for each i£8 and, thus, continuity of the function [0, 1] xl3 
(t, x) <— > Gt{x) as well as its monotonicity in x for a fixed t. Elementary arguments 
now imply that condition ^ is equivalent with 

(5) sup sup \n(F t (a n (t)x + b n (t)) - l) - log (G t (x)) \ -> n ^oo 
x£[xi,x 2 ] te[o,i] 

for each x\ < X2 6 K with Gt(xi) > 0, t 6 [0, 1]. As Gt(xi) is a continuous function 
in t G [0, 1], this condition on x\ is equivalent with inf tg [ ,i] Gt(x±) > 0. Condition 
(|5|) is, therefore, equivalent with 

(6) sup \n(F t (a n {t)f(t) + b n (t)) - l) - log (G t (/(*))) | ->„_♦«, 
te[o,x] 

for each / e E[0, 1] with inf te[0 ,i] G t (/(*)) > 0. 

We first establish the implication (O (H]). Choose g G £/~[0, 1] with 

sup t6 [ 01 ] g(t) < and put /(f) := G,T 1 (exp(g(t)). Then / € £?[0, 1] and we obtain 
from assumption ([3]) 

(7) pf max X« < a*/ + b n ) P(£ < /) = pfa < 5 ) = exp(-||<?|| D ), 

where ||-||£, is the D-norm corresponding to the SMSP tj. 
We have, on the other hand, by condition (|6]) 

P[ max X (i) < a n f + b, 
\ Ki<n 



= P n 



max (V t (i) - l) < n(F t (a n (t)f(t) + b n (t)) - l), t e [0, 1] 
= P( n max (V t W - l) < g(t) + r n {t), t e [0, 1] J , 

V l<i<n V / J 

where r n (t) = o(l) asn^ oo, uniformly for t e [0, 1]. We claim that 
(8) p(n max ([/» - l) < g ) P^ < g). 

Replace <? by # + e and # — e for e > small enough such that # + e < 0, and put 
f £ {t) ■= Gt\exp(g(t) + e)), /_ e (t) := (^(exP (<?(*) - e)), « e [0, 1]. 

Then / e ,/_ £ s -E[0,1], and we obtain from condition ([5]) and equation ((7J for 

n > riQ 

p(n max (V t W - l) < n(F t (a n (t)f £ (t) + b n {t)) - l), t e [0, 1] 
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Ki<n 



> P{n max ( U (l) - 1 ) < 



> P 



(n max (t/f - l) < n(F t {a n (t)f_ £ {t) + b n {t)) - l), t 6 [0, 1]Y 



where the upper bound converges to exp(— \g + e\\ D ) and the lower bound to 
exp(— \\g — e\\ D ). As both converge to exp(— Hgll^) as e — > 0, we have established 
®. 

Next we claim that © is true for each g G E~ [0, 1], i.e., we drop the assumption 
sup tg [Q ji g(t) < 0. Wc prove this by a contradiction. Suppose first that there exists 
g G E~[0, 1] such that 



liminf p(n max (u {l) - l) < g) < exp(-\\g\\ n ) - 6 

n— ¥oa y l<j<n\ / / 

for some S > 0. From we deduce that for each e > 



and, thus, 



lim P\ n max (C/W — 1 ) < g — s) = cxp( — ||g — e| 

Ki<n\ / 



e M-h\\ D ) - 6 

> liminf P[ n max (t/ w - l) < g 

n— >oo \ l<i<n\ ) 

> liminf P[n max (lf {i) - l) <g-e 
= exp(-||g - e\\ D 



As e > was arbitrary, we have reached a contradiction and, thus, we have estab- 
lished that 

liminf P[n max (u® - l) < <? J > cxp(-||.g|| D ), .g G E~[0, 1]. 
Suppose next that there exists g G E~[0, 1] such that 

lim sup P( n max \U {i) - 1 ) < 5 ] > cxp(-|| i g|| ZJ ) + 5 

n->oo \ l<i<n\ / / 

for some 5 > 0. We have by ([5]) for e > 

lim P[n max (t/ w - l) < -e ) = exp(-e||l|| n ) -^m 1, 

n-i-oo \ l<i<n\ J J 

and, thus, 

exp(-ll<?ll D )+<5 

< lim sup P I n max (t/W _ 1 j < g 

n-von \ Kt<n\ / 
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< limsupf Pin max (u {i) - l) < g, n max (u {l) - l) < -e 

n^oo \ V 1 < i < n ^ ' ' l<i<n\ J 



+ p[ [n max f U® - l) < -e 



l<i<n ' 

= gx p(— || ( min (.g(i), — e)te[o,i] || j^) + 1 ~ cxp^Pllij) 

by ([8]). As the first term in the final line above converges to exp(— H^H^) as e -J, 
and the second one to zero, we have established another contradiction and, thus, 

limsupPf n max (u (i) - l) < g) < cxp(-\\g\\ D ), g G E~[0, 1]. 

This proves equation ([5]) for arbitrary g G E~ [0, 1] and completes the proof of the 
conclusion => (gj) . 

Next we establish the implication Q => ([3]). Choose / G P[0, 1] with 
inf (6 [o. i] Gt(f(t)) > and put := log(Gt(/(i))), t G [0,1]. From the assumption 
(J4j) we obtain 

P(nmax n ([/« - l) < .9) P( V < g) = P(£ < /) = cxp(-||.g|| D ). 

On the other hand, we have by condition ([2]) 
P max (u {i} - lj < g 

= P(n max ([/f - l) < n(F t {a n (t) f (t) + b n (t)) - l) + r„(t), t G [0, 1] 

\ l<z<n\ / 

where r n (t) = o(l) asn^ 00, uniformly for t G [0, 1]. We claim that 

P[n max (V t W - l) < n(F t (a n (t)f(t) + b n (t)) -lUs[0, 1] 

V l<i<n \ / 
-^n->oo P{r] < g) 

(9) = exp(-||<?IW- 

Replace g by min(<7 + s, 0) and g — e, where e > is arbitrary. Then we obtain 
from and condition ^ for n > n = n (e) 



P n 



max - l) < min(.g + e, 0) J 



P ( n max f E/W - 1 j < .9 + e 



> P n 



max (t/« - l) < n (F t (a n {t)f{t) + b n (t)) - l), t G [0, 1] 

Ki<n \ / 



> P ( n max ( U w - 1 ) < g - e 
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Since 

PI n max ( - 1 ) < min(g + e, 0) I -^„_>oo exp(-||min(.g + e, 0)j| D ) 

\ Ki<n\ J J 



as well as 



Pin max - 1 ) <g-e) -^n^ exp(-|i.9 - e|| D ) 

l<i<n\ / 



and e > was arbitrary, © follows. 
From the equality 



P I n max 

Ki<« 



U« - l) < n(F t (a n (t)f(t) + b n (tj) - 1), t 6 [0, 1]) 



= P max X w < a n f + b„ 

l<i<n 



: (,) 

and from (O wc obtain 



(10) lim P max X® < a n f + b n = P(£ < /) 

n~ >oo \l<i<n / 

for each / G E[0, 1] with inf te[0) i] G t (/(*)) > 0. If inf te[0 ,i] G t (/(t)) = 0, then, for 
e > 0, there exists t g [0, 1] such that G to (f(t )) < e. We, thus, have P(£ < /) < 
P(fto < /(*o)) = G to (f(t )) < e and, by condition ©, 

P( max X w < «„/ + ) < P( max a£ 5 < a n (t )f(t ) + b n {t ) J 

Gt (f(to)) < £• 
As e > was arbitrary, we have established 

lim Pf max X« < a n f + b n ) = = P(£ < /) 

n— >oo \l<i<n y 

in that case, where inf^mi] Gt(f{t)) = and, thus, pTT)) for each / € P[0, 1]. This 
completes the proof of Theorem 12.11 □ 



Corollary 2.2. Let X — (X t ) t £[o.i] € C[0, 1] be a stochastic process with identical 
continuous marginal df F(x) = P(X t < x), x g M, t g [0, 1], and fei £ = (£t)te[o,i] G 
C[0, 1] &e an MSP with identical marginal dj G. Denote by U = {Ut)te[o,i] '■= 
(F(Xt))t£[o,i] the copula process pertaining to X . Then we have X g 2?(£) if and 
only ifU g P(tj) and P G P(G). 

For a characterization of the condition U G 2?(^) in terms of certain neighbor- 
hoods of generalized Pareto processes see Proposition 13.41 below. 



Proof of Corollaru \2. e A The assumption F G T>(G) yields sup.j, gR \F n (a n x + b n ) — 
G(x)\ — s-n^oo for some sequence of norming constants a n > 0, b n G R, n G N. 
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Taking logarithms and using Taylor expansion of log(l + x) for x G [jcojiEi] with 
.to > implies 



sup \n(F(a n x + b n ) - 1) - log(G?(x))| 

x£[xo,ki] 







and, thus, condition ([2]) is satisfied. Corollary |2.2l is now an immediate consequence 
of Theorem 12.11 together with the fact that the assumption X G implies in 

particular that F G V(G). □ 

3. ^-Neighborhood of a Generalized Pareto Process 



(|2012l ). A univariate generalized 



First we recall some facts from lAulbach et al. 
Pareto distribution (GPD) W is simply given by W(x) = l+log(G(x)), G(x) > 1/e, 
where G i s a u nivari ate extreme value dist r ibutio n (EVD). It was established by 



Pickandsl (jl975l ) and 



B alkema and de Haan 



(I1974T ) that, roughly, the maximum of 
n iid univariate observations, linearly standardized, converges in distribution to an 
EVD as n increases if, and only if, the exceedances above an increasing threshold 
fol low a generalized Pareto dis tribution (GPD). Th e multivariate analogon is due 
to 



Rootzen and Taividil (|2006f ). It was observed by 



Buishand et al 



(|2008h that a 

(i-dimensional GPD W with ultimately standard Pareto margins can be represented 
in its upper tail as W(x) = P(U~ 1 Z < x), Xq < x < G K d , where the rv U is 
uniformly on (0, 1) distributed and independent of the rv Z = (Z\, . . . , Zd) with 
< Zi < m for some m > 1 and E(Zi) = 1, 1 < i < d. The following definition 
extends this approach to function spaces. 

Definition 3.1. Let U be an on [0, 1] uniformly distributed rv, which is indepen- 
dent of the generator process Z G C[0, 1] that is characterized by the two properties 

< Z t < m and E(Z t ) = 1, t G [0, 1], 

for some constant m > 1. Then the stochastic process 

1 



U 



Z GC + [0,1] 



is a g eneralized Pareto process (GPP) (jBuishand et al 



2008 



Ferreira and de Haan 



20121 ). 



The univariate margins Y t of Y have ultimately standard Pareto tails: 

T 



P(Y t <x) = P[ -Z t < U 



p(^z<u)(P*Z t ){dz) 

i r 

1-- / z{P*Z t )(dz) 
x Jo 
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= 1 - -E{Z t ) 

x 

= 1 - -, x > m, < t < 1. 

x 



Put V := max(— 1/Y, M), where M < is an arbitrary constant, which ensures 
that V > — oo. Then, by Fubini's Theorem, 

P(V</)=P( sup (|/(t)|Z t ) < C/ ) 
\*e[o,i] J 

PI sup (|/(t)|^ t ) >«| du 

\*6[o,i] y 

= l-^[ sup {\f{t)\Z t )\ 

Ve[o,i] y 

= 1-||/IId 

for all / £ S~[0, 1] with H/H^ < min(l/m, |M|), i.e., V has the property that its 
functional df is in its upper tail equal to 

W(f) := P(V < f) 
= 1-Il/II D 

= l + log(cxp(-||/|| D )) 
(11) =l+log(G(/)), /er[0,l], H/IU <min(l/m,|M|), 

where G(/) = P(rj < /) is the functional df of the MSP r\ with Z?-norm H-H^, and 
generator Z. 

The preceding representation of the upper tail of a GPP in terms of 1 + log(G) is 
in co mplete accordance with the uni- and multivariate case fsee. for example. Falk 
et al.. 



2011 



Chapter 5). We write W = 1 + log(G) in short notation and call V a 



GPP as well. 

Remark 3.2. Due to representation (|lip . the GPD process V is obviously in the 
functional domain of attraction of an SMSP r] with D-norm 1 1 - 1 1 ^ and generator Z: 
Take a n = 1/n and b n = 0. We have for / G E~ [0, 1] and large enough n 6 N 

p(v<^ =fl-^\\f\\ D ^ ex p(-||/|y = P( V <f). 

The following result is a functional version of the well-known fact that the spec- 
tral df of a GPD random vector is equal to a uniform df in a neighborhood of 
zero. 
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Lemma 3.3. We have for f G E [0, 1] with WfW^ < m and some sq < 
W f (s) := P(V < s\f\) = 1 + s\\f\\ D , s <s< 0. 



Let U be a copula process. The next result is established in 
(|2012 ). 



Aulbach et al 



Proposition 3.4. The property U G D(r)) is equivalent with the condition 
( 12 ) lim !"!^! ^, feE-[0,l], 



sto 1 - W f (s) 

i.e., the spectral df Hf(s) = P(U — 1 < s|/|), s < 0, ofU — 1 is tail equivalent with 
that of the GPD Wf = 1 + log(G/), G(-) = exp(-||-|| Z5 ). 

Next we define the standard GPP we are working with in what follows. 

Definition 3.5. A stochastic process V G C~[0, f] is a standard generalized Pareto 
process (SGPP), if there exists a D-norm on £[0,1] and some Co > such 
that 

P{V <f) = l-\\f\\ D 
for all fe £-[0,1] with H/IU <c . 

Using the spectral decomposition of a stochastic process in C~[0, 1], we can 
ea sily extend the d efinition of a spectral ^-neighborhood of a multivariate GPD as 



Falk et al 



(2011 



Section 5.5) to the spectral (5-ncighborhood of a SGPP. Denote 
by £^[0,1] = {/ G £"[0,1] : WfW^ = 1} the unit sphere in £"[0,1]. 

Definition 3.6. We say that a stochastic process Y G C~[0, 1] belongs to the 
spectral 5 -neighborhood of the SGPP V for some 5 G (0, 1], if we have uniformly for 
/ G £f [0, 1] the expansion 

1 - P(Y < cf) = (1 - P(V < c/))(l + 0(c s )) 
= c\\f\\ D {l + 0(c 5 )) 

as c I 0. 

An SMSP is, for example, in the spectral ^-neighborhood of the corresponding 
GPP with 5 = 1. 

T he following result on the rate of convergence extends Theorem 5.5.5 in Falk 



et al. ((20 1 ll ) on the rate of convergence of multivariate extremes to functional 
extremes. 

Proposition 3.7. Let Y be a stochastic process in C~[0,1], V a SGPP with D- 
norm \\-\\ D and rj a corresponding SMSP. 
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(i) Suppose that Y is in the spectral S -neighborhood of V for some 8 G (0, 1]. 
Then we have 



sup 

/es-[o,i] 



p[y<L\ -p( v <f) 



= 0(n-°). 



(ii) Suppose that Hf(c) = P(Y < c\f\) is differ entiable with respect to c in 
a left neighborhood of for any f G [0,1], i.e., hf(c) := (d/dc)Hf(c) 
exists for c G (—£,0) and any f G -Ej~[0, 1]. Suppose, moreover, that Hf 
satisfies the von Mises condition 

r c ¥/\ = : 1 + -Mo i, / g i?r[o, i], 
1 - H f\ c ) 

with remainder term rf satisfying 

r ° r,(t) 



sup 

/esr[o,i] 



sup 

/£B-[0,1] 



<^ -P(v<f) 



for some 8 G (0, 1], then Y is in the spectral 8 -neighborhood of the GPP 
V. 



Proof. Note that 



sup 

/e£-[o,i] 



r<{) -P(v<f) 



sup 

f£E-[0,l] 



sup sup 

c<0 /e£r[o,i] 

sup sup 

feE; [o,i] c <° 



P Y < 



ll/l 



-P[rj< 



n \\f\\„ 
P(Y<^\f\Y -P(v<c\f\) 

P(Y<^\f\) n -P( V <c\f\) 



ll/l 



T he assertion now follow s by repeating the arguments in the proof of Theorem 1.1 
in lFalk and Reiss (2002), where the bivariate case has been established. □ 



4. Testing for a Standard Max-Stable Process 

Let r\ = (?7t)t e [o,i] G C[0, 1] be a SMSP. Representation dTJ is obviously equiva- 
lent with the equation 



<x)=exp{x\\f\\ D ), x<0,feE[0,l] 



12 



STEFAN AULBACH, MICHAEL FALK AND MARTIN HOFMANN 



i.e., the univariate rv 

Vt 

VJ SU P TTTWi 
te[o,i] 1/ W 

is for each / £ I?[0, 1], which is not the constant function zero, negative exponential 
distributed with parameter As this property characterizes an SMSP, the idea 

suggests itself to use it for testing for a SMSP. 

Suppose that we are given n independent copies rfp , . . . ,rfp' of 77/. A well- 
known technique consists of transforming the observations 77^ , . . . , 77^ to 

U(i)--=-^ '-y t=l,...,n-l. 

Then the rv {U(i), • ■ • , £7( n _i)) is distributed as the vector of ordered observ ations 



Reiss 



with 



i n a s ample of n — 1 independent and uniformly on (0, 1) distributed rv, cf. 
(| 19891 . Corollary 1.6.9). Each test, which checks for the underlying distribution of 
Ur\-\, . . . , [/(„_!) such as Kolmogorov-Smirnov or chi-square goodness-of-fit can be 
applied to test, whether r] is, actually, an SMSP. 

We prefer to transform each Uu\ by the inverse of the standard normal df 
i>, i.e., we put 

:= $- 1 (t/ (i) ), i=l,...,n-l, 

and, thus, 

_ („_i)i/2 L^i=i s(t) 

_1 ^ _ ~ rs-1 " 2NV2 : 

- n— 1 

£n-l : = 7 / . 

71 — 1 

i=l 

follows a t-distribution with n — 2 degrees of freedom, denoted by t„_2, if r\ is, 
actually, a SMSP. This is the hypothesis Hq. 

Observing a complete stochastic process on [0, 1] might be too ambitious. More 
realistic is its observation through a grid S = {t\, . . . , td} of points < t\ < • • ■ < 
td < 1. Denote by 

VS ■= • • ,T/t d ) 

the projection of the process 77 onto the index set S 1 . The rv 77s satisfies 

Pfas <aO=exp(-|MI D J, x<0eR d , 
where the Z?-norm is given by 

\\x\\ Ds = E{ max (\xi\Z u ) ) , a; £ 



KKd 
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This is a consequence of equation ([T]). The univariate rv 

Vu 

rj x := max , — f 

l<i<d \Xi\ 

is, therefore, for each x ^ € K d negative exponential distributed with parameter 
We proceed as before and put 

T l 77 (j) 
Z^j=l '/a: 

Z^j=l '/a 

Then the test statistic 

1 t 

(n-l)V2 Z-,j=l SS,(i) 



: = ^ 1 ^) and Cs,(i):=* H^w)' i = l,...,n-l. 



^EILi few -6s 



n-1 ) 



1/2 ' 



with 



1 

6s,n-i := % 6s,(i)i 

n — 1 r— f 



is again i„_ 2 -distributed if r/ is an SMSP. 

The preceding considerations can also be utilized to test for a standard GPP. 
Let V^ 1 -*, . . . , be independent copies of the standard GPP V , i.e., there exists 
a positive number xq such that 

P(V <f) = l-\\f\\ D , f€E-[0,l), ll/IL<^o. 
As a consequence, for / 6 E~[0, 1] with WfW^ < xq, we have 

p \ su p >x I = NII/IId. -i<a?<o, 



i.e., the rv 

^ := sup T777TT 
te[o,i] l/Wl 

follows in its upper tail, precisely on (—1,0), a uniform distribution. We can now 
consider only those observations vj 1 ^ among V* , . . . , vj n \ which exceed the value 
— 1. This provides a sample f//,i, • • • ,Uf >T / n -\ of independent and on (—1,0) uni- 
formly distributed rv, which are also independent of their number r(n) that is 
binomial B(n, p/)-distributed with parameters n and p = 1 — \\f\\ D (cf. 
Theorem 1.4.1). We assume that < \\f\\ D < 1. 
The test statistic 

/,r(n) • \ l/ 9 

(^TFT.Eif^-H-^)-^)) 2 ) " 



Reiss 



1993 
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with 



r(n) 



A*T(n) 



r(n) 



follows, conditional on r(n) = k > 2, a i-distribution with k — 1 degrees of freedom. 

We can again substitute the interval [0, 1] by a grid S of points and observe the 
processes only through their projections onto this grid as before. This does 
not alter the conditional i-distribution of the corresponding test statistic T S j T ^ n y 
An omnibu s test of the preceding k ind for testing for a standard GPP was 
investigated in lAulbach and Falkl (|2012M ). But it was outperformed by asymptotic 
optimal tests that are tailor-made for the parametric families under consideration; 
see also 



Aulbach and Falkl (|2012af ). 
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